Abstract. We exhibit several families of elliptic curves with torsion group isomorphic to Z/6Z and generic rank at least 3. Families of this kind have been constructed previously by several authors: Lecacheux, Kihara, Eroshkin and Woo. We mention the details of some of them and we add other examples developed more recently by Dujella and Peral, and MacLeod.
Introduction
Families of curves with torsion group Z/6Z and rank at least 3 have been constructed previously by several authors, Lecacheux [11] , Kihara [9] and later on Eroshkin [6] and Woo [16] are among them. More recently, Dujella and Peral (unpublished, 2012) and MacLeod [12] found other examples.
We detail some of these families, and in each case we include the relevant data and the output of the application of the algorithm of Gusić and Tadić [8] , to determine the exact rank over Q(t) and free generators of the Mordell-Weil group. We apply [8, Theorem 1.3] , which deals with elliptic curves E given by y 2 = x 3 + A(t)x 2 + B(t)x, where A, B ∈ Z[t], with exactly one nontrivial 2-torsion point over Q(t). If t 0 ∈ Q satisfies the condition that for every nonconstant square-free divisor h of B(t) or A(t) 2 − 4B(t) in Z[t] the rational number h(t 0 ) is not a square in Q, then the specialized curve E t0 is elliptic and the specialization homomorphism at t 0 is injective. If additionally there exist P 1 , . . . , P r ∈ E(Q(t)) such that P 1 (t 0 ), . . . , P r (t 0 ) are free generators of E(t 0 )(Q), then E(Q(t)) and E(t 0 )(Q) have the same rank r, and P 1 , . . . , P r are free generators of E(Q(t)).
Let us mention that the methods from [8] have been used in [3] to determine the exact rank over Q(t) of some of record rank families with torsion groups Z/4Z, Z/10Z, Z/12Z and Z/2Z × Z/8Z, while the analogous result for torsion group Z/2Z × Z/4Z has been obtained in [4] by using previous version of the injectivity criterium by Gusić and Tadić from [7] .
Curves with torsion group Z/6Z
The Tate's normal form for an elliptic curve is given by E(b, c) :
see [10, p. 147] . It is nonsingular if and only if b = 0. Using the addition law for the point P = (0, 0) we find
It follows that P is a torsion point of order 6 for b = c + c 2 . So, for b = c + c 2 we write the curve in the form y 2 = x 3 + A(c)x 2 + B(c)x. We have
In the new coordinates the torsion point of order 6 is (−4c, 4c(1 + c)).
3.
Lecacheux' construction for rank 3 3.1. Deduction of the coefficients for a rank 3 family. A rank 3 family comes from specialization in the rank 2 family given by Lecacheux [11] . In this paper Lecacheux constructs four biparametric families of curves with torsion group Z/6Z and rank 2 over Q(s, t), and by specialization of s she gets a family of curves with this torsion and rank 3 over Q(t). The starting model used by Lecacheux for torsion Z/6Z, once translated to (0, 0), is
Lecacheux shows that using any of the four values
, the resulting biparametric family has rank ≥ 2 over Q(s, t). Then she specializes and gets a family of rank 3 over Q(t). The value of d is a rational expression with numerator of degree 10 and denominator of degree 9 given by:
The curve of rank 3 has polynomial coefficients in t of degree 20 and 40 respectively. The coefficients are
and the x-coordinates of three infinite order independent points P 1 , P 2 and P 3 are
3.2. Generators. Now we prove that the elliptic curve C over Q(t) given by the equation
has rank equal 3 and the points P 1 , P 2 , P 3 are its free generators. We apply methods from [8] , as explained in the introduction.
• We use the specialization at t 0 = −7 which is injective by [8, Theorem 1.3] .
• The specialized curve C −7 over Q with reduced coefficients is [0, 298972834764046, 0, −4129733728640949525768711375, 0].
• By mwrank [1] , the rank of this specialized curve over Q is equal to 3 and its free generators are −2078846881485761806650] ,
• We have that for the specialization of the points P 1 , P 2 , P 3 at t 0 = −7 it holds
where T is the torsion point of order 6 on the specialized curve.
• Since the determinant of the base change matrix has absolute value 1, it follows that the points P 1 , P 2 , P 3 with x-coordinates given above are free generators of C over Q(t).
4. Kihara's construction for rank 3 4.1. Family data. Kihara, [9] , consideres the projective curve
then he uses the substitutions
and arrives to the elliptic curve
The point P = (1, a + b) is on E. Forcing P to be of order 3 implies c =
in which case P + (0, 0) is of order 6. With this value of c the curve E is given by
By imposing new points on the curve, Kihara gets a family with torsion group Z/6Z and rank at least 3 given as
The x-coordinates of three independent points of infinite order are:
4.2.
Generators. Now following the modified proof of subsection 3.2 we prove that Kihara's elliptic curve over Q(t) given at the end of subsection 4.1 has rank equal to 3 and the points W 1 , W 2 , Q 3 are its free generators (the x-coordinate of Q 3 given above, and of W 1 , W 2 given below). So the above given points Q 1 , Q 2 , Q 3 found by Kihara, are not its free generators.
• The specialization at t 0 = 15 is injective by [8, Theorem 1.3] .
• The reduced coefficients of the specialized curve are [0, 7236353038, 0, −2438945400771712139, 0].
• By mwrank [1] , the specialized curve has rank equal to 3 and its free generators are • We have that the specialization of the points Q 1 , Q 2 , Q 3 at t 0 = 15 satisfies
here T is the torsion point of order 6 on the specialized curve.
• From this we see that we can take points W 1 and W 2 such that
• The x-coordinates of W 1 and W 2 are
• Now it is obvious that W 1 , W 2 , Q 3 are free generators of the observed elliptic curve over Q(t). More precisely
Eroshkin's construction for rank 3
5.1. Family data. In 2008, Eroshkin [6] constructed another example of rank 3 curve over Q(t). The starting point for his construction is the two-parametric family with rank ≥ 2 over Q(u, v), given by
The curve u, v) x contains the points with x-coordinates
2 to belong to the curve, leads to the condition v = 1/3. By substitution u = (1 − t)/(1 + t) and some simplifications, we get Eroshkin's rank 3 curve with coefficients
and x-coordinates of three independent points R 1 , R 2 , R 3 given by:
Another way to get a rank 3 family from Eroshkin's two-parametric family is to take v = −1/3. By substitution u = (1 − t)/(1 + t), as above, we get
and three infinite order independent points S 1 , S 2 , S 3 with x-coordinates
5.2.
Generators. We prove that the rank of both families (for v = 1/3 and v = −1/3) is equal to 3 and the points R 1 , R 2 , R 3 (resp. S 1 , S 2 , S 3 ) are free generators of the elliptic curve
, where a 63E , b 63E , a 63ER , b 63ER are given above.
• For the first curve, we use the specialization at t 0 = −11 which is injective by [8, Theorem 1.3] . • The specialized curve over Q with reduced coefficients is [0, 100352409, 0, −15100698522624000, 0].
• By mwrank [1] , the rank of this specialized curve over Q is equal to 3 and its free generators are
• For the specialization of the points R 1 , R 2 , R 3 at t 0 = −11 we have
• Since the determinant of the base change matrix has absolute value 1, it follows that the points R 1 , R 2 , R 3 with x-coordinates given above are free generators of
• For the second curve we use the specialization at t 0 = −15 which is injective by [8, Theorem 1.3] . • The specialized curve over Q is [0, 1012299875521, 0, −6159774508321416192000, 0].
• By mwrank [1] , the rank of this specialized curve over Q is equal to 3 and its free generators are −71902551469760256] ,
• We have that for the specialization of the points S 1 , S 2 , S 3 at t 0 = −15 it holds
• Since the determinant of the base change matrix has absolute value 1, it follows that the points S 1 , S 2 , S 3 with x-coordinates given above are free generators of
6. A direct construction by Dujella and Peral (2012) 6.1. Deduction of the family. Our next example is based on the use of 2-descent as follows, see e.g. [5] . Consider the general curve with torsion Z/6Z as given in Section 2 i.e.:
We first impose 16 c 2 as x-coordinate of a new point, this is equivalent to solve 1 + 5c + 13c 2 = . The corresponding parametrization is c = −
. This gives us an infinite order point and a curve with rank at least 1 over Q(u) whose coefficients are In this case the family has rank ≥ 3. Below we list the x-coordinates of three independent points of infinite order on the curve
The first two points are the ones we have imposed in our constructions, while the third one appears in the last change. So this change produces two new independent points of infinite order and accordingly this family has rank at least 3.
6.2. Generators. We prove the curve y 2 = x 3 + A 63 x 2 + B 63 x has rank exactly 3 over Q(t) with free generators the points P 1 , P 2 , P 3 .
Here is the proof, it is similar to the proof in subsection 3.2.
• We take the specialization homomorphism at t 0 = 13 which is injective by [8, Theorem 1.3] .
• Reduced form of the specialized curve is [0, −3121367, 0, 2201786966016, 0].
• Mwrank [1] shows that the rank of the specialized curve is equal to 3, and its free generators are We have that for the specialization of the points P 1 , P 2 , P 3 at t 0 = 13
• The points with x-coordinates P 1 (t), P 2 (t), P 3 (t) are free generators of the full Mordell-Weil group, analogously as before. 
